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Abstract. Since Hertz major work on investment appraisal using the Monte Carlo Simulation technique,
the so called “Risk Analysis” has become a standard tool for supporting investment decisions [1,2]. A main
problem in investment appraisal is to consider and specify the risk of investment projects in an appropriate
way, for enabling consistent project evaluation. In calculating a risky project’s net present value (NPV) the
major difficulty is to quantify the project’s risk for quantifying an appropriate risk adjusted discount rate
(RADR). Theoretically not founded risk adjusted discount rates face a lot of critique. Furthermore it is
discussed that the incorporation of a constant risk factor into the discount rate makes a certain assumption
about the resolution of uncertainty over time [3] and finally that a single net present value could not in
general reflect risk properly. Especially in consequence of the last point the proponents of simulation argue
that a whole distribution of net present values shows a project’s risk better than a single number. In the
special issue “Econophysics” of this journal Hacura et al. tried to describe the methodology and use of
Monte Carlo Simulation in investment appraisal [4]. The purpose of this comment is to point out three
fundamental flaws in that article.

PACS. 02.70.Uu Applications of Monte Carlo methods

1 How to calculate Net Present Value (NPV)

Independent of the number of steps the basic literature
to risk analysis breaks down the whole process into the
following stages [1,2,5]:
• Developing and building a quantitative model for the

investment project considering all relevant key factors
(input variables) of the expected project results (out-
put);

• Estimating the probability distributions of the risky
input variables;

• Considering stochastic dependencies (correlations) be-
tween the input variables;

• Calculating the probability distribution of the simula-
tion output;

• Statistical analysis and interpretation of the output of
simulation.

Before running a simulation it has to be specified what
the output should be. Different criteria are proposed in
the literature for investment appraisal, e.g. net present
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value (NPV), internal rate of return (IRR) or the pay-
back period. Hacura et al. chose NPV as the appropriate
simulation output, because it is the “basic decision rule for
a project appraisal” [4] (p. 551). In describing this basic
rule they argue that the NPV has to be calculated in “us-
ing certainty equivalent values as inputs and discounted
at a rate adjusted for risk” [4] (p. 551). It will be shown
that this is inappropriate.

In general future cash flows are uncertain. There are
two possible ways for calculating the NPV of a risky
investment: the risk adjusted discount rate (RADR-)
method and the certainty equivalent (CE-) method.
Both lead to the same result under certain assumptions.
The RADR-method takes the riskiness of an investment
project into account by adjusting the discount rate. The
expected cash flows E(X̃t) are to be discounted at a
RADR, which consists of the risk-free rate i plus a risk
premium rp . The higher the risk, the higher the discount
rate. The present value (PV0) formula for the simple
one-period case is the following:

PV0 =
E(X̃1)

(1 + i + rp)
· (1)
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Under the CE-method the riskiness of an investment
project is not considered by adjusting the discount rate,
but by adjusting the expected cash flow. The necessary
adjustment can be described by the question: What is the
minimum certain payoff for which one would exchange the
risky cash flow? This is the certainty equivalent. The dif-
ference between the expected cash flow and the certainty
equivalent is the (absolute) adjustment for risk RA. The
higher the risk, the higher the adjustment, the lower the
certainty equivalent. Since the certainty equivalent is cer-
tain by definition (it is the value equivalent of a risk-free
cash flow), it has to be discounted at the risk free rate

PV0 =
E(X̃1) − RA

(1 + i)
=

CE(X̃1)
(1 + i)

· (2)

The basic valuation principle behind both methods is, that
by calculating net present values both numerator and de-
nominator of the NPV formula must correspond in their
dimensions of risk:

• If the numerator is a expected cash flow (i.e. risky)
then the denominator must be adjusted for risk;

• If the numerator is a certainty-equivalent (i.e. riskless)
then the denominator has to be riskless.

Otherwise the valuation formula for an investment project
would either leave its risk unconsidered or consider its risk
twice.

For a simple one-period example with one future cash
flow X̃1 and a (riskless) initial capital expenditure X0 the
net present value can be calculated with both methods as
follows:

NPV0 =
CE(X̃1)
(1 + i)

− X0 =
E(X̃1)

(1 + i + rp)
− X0. (3)

To assure that both methods lead to the same net present
value the risk adjustments must correspond to the follow-
ing derivations of formula (3):

rp = (1 + i)

(
E(X̃1)

CE(X̃1)
− 1

)
(3a)

CE(X̃1) = E(X̃1)
(1 + i)

1 + i + rp
· (3b)

Of course equivalence can also be shown for the more re-
alistic multi-period case.

For both methods the adjustment for risk may
be quantified by two ways: first the individual based
approach or second the capital market based approach.
For the individual based approach, it is necessary to
know the investor’s subjective risk utility function. Then
the certainty equivalent may be directly calculated from
that. To derive the corresponding RADR the CE has
to be transformed after formula (3a). To make capital
market based adjustments neoclassical finance theory has
developed the capital asset pricing model (CAPM) [6,7]
(pp. 195). The output of this model is the risk premium rp

for an investment with a risky return r̃ (for the one period

case r̃ = X̃1
PV0

− 1 and by definition β = cov(r̃,r̃M)
σ2

M
). The

expected market return is E(r̃M ) and σ2
M is the variance

of the expected market return. From the CAPM it follows
the one-period present value formula with a RADR:
PV0 =

E(X̃1)
1 + i + β(E(r̃M ) − i)︸ ︷︷ ︸

=rp

=
E(X̃1)

1 + i + cov(r̃, r̃M )
E(r̃M ) − i

σ2
M︸ ︷︷ ︸

=rp

·

(4)

The corresponding present value formula with a market
based certainty equivalent may be derived from for-
mula (4):

PV0 =
E(X̃1) −

=RA︷ ︸︸ ︷
cov(X̃1, r̃M )

E(r̃M ) − i

σ2
M

1 + i
· (5)

Independent of how the risk adjustment is quantified (in-
dividual or capital market based), net present value has to
be calculated either with expected cash flows discounted
at a risk adjusted discount rate or with certainty equiva-
lents discounted at a risk-free rate.

2 How to calculate a distribution of NPV’s
as output of Monte Carlo simulation

After describing how to calculate net present values of
risky projects it is the purpose of this comment to discuss
the appropriate discount rate to be used in calculating the
net present values in a Monte Carlo simulation approach.

A lot of the early work on simulation analysis was
made, before it was known how to introduce risk into cal-
culations of net present value. For the purpose of reflecting
the risk of an investment properly the time value of money
was separated from risk. To do this net present values were
simulated by discounting the single cash flows of each sim-
ulation run with the risk-free rate and the investment’s
risk was represented by drawing the probability distribu-
tion of these net present values. It was argued that this
distribution of net present values shows a project’s risk
better than a single number does because each NPV of
this distribution only considers the time value of money.

Hacura et al. as proponents of another school of
thought believe that the most appropriate discount rate
used in a simulation approach is the risk adjusted discount
rate, which should include a premium for systematic (or
market) risk but not for unsystematic (or project risk) [4]
(p. 551). The theoretical basis for that opinion is the well
known CAPM. But the use of risk adjusted discount rates
in a simulation approach contains a circular argument.
Simulation has been developed to gain information about
a project’s risk. But the use of a discount rate includ-
ing a premium for risk would require the knowledge of
this risk. If that risk is known, a simulation analysis is
not needed anymore. Given market based data about a
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project’s risk, simulation is unnecessary. NPV can then
simply be calculated by discounting expected cash flows
at the RADR – e.g. derived from the CAPM. Furthermore
simulation output cannot deliver appropriate information
about risk if a risk adjusted discount rate is used as in-
put, because it predetermines the output of the simula-
tion model. Interpreting such a simulation output for risk
analysis would be nothing else than an improper double-
counting of risk [5] (p. 275).

Considering capital market theory, there is another
problem with risk analysis. A simulation approach, albeit
what the discount rate is of, could only deliver informa-
tion about the project’s specific risk (unless simulation
analysis is made in the context of a portfolio of projects).
However it is known that the individual (unsystematic)
risk of a project is just that part of the total (systematic
and unsystematic) risk which is not relevant for valua-
tion from an investor’s point of view. A perfectly diversi-
fied investor can eliminate unsystematic risk completely.
Thus, in a capital market context risk analysis cannot de-
liver necessary information about project risk to quantify
a RADR.

Here, as an opposite school of thought it will be rea-
soned that the most appropriate discount rate to use in
a simulation approach is the risk-free rate. The first ar-
gument is, that only the risk-free rate avoids prejudging
risk. A theoretical reason for discounting with the risk-free
rate in simulation could be the following: each simulation
run represents one possible combination of key factors
e.g. with one resulting cash flow in period t. The ques-
tion is: what is the present value of this cash flow, given
that it is that cash flow which will occur? That means, in
that moment when the output value of a simulation run
is known, uncertainty about this value is resolved com-
pletely, i.e. there is no more risk. So, it has to be dis-
counted at the risk-free rate. But the individual risk of a
project is reflected only in the probability distribution of
its net present values, not in a single one of these.

3 How to use simulation output for decision
making

The crucial step in decision making with Monte Carlo Sim-
ulation is to translate the distribution of net present val-
ues into measures managers could use for this purpose.
Hacura et al. suggest some of these measures, e.g. ex-
pected value, variance (or standard deviation), skewness,
kurtosis and many more [4] (p. 553). But they do not ex-
plain what should be done with them. For example, how
should a decision be made if it is known from the cumu-
lative distribution of a project that the probability of a
positive NPV is 60 percent? It is still ambiguous, whether
the project is profitable or not. And by comparing it with
another project with a probability of e.g. 50 percent it
is not clear which project is better. As long as it is not
known, whether projects are profitable or not it is im-
possible to rank them. Furthermore, such interpretation
of NPV distributions contrasts its purpose. From a theo-
retical point of view net present value is a unique value.

It states the increase of present wealth by (or in terms
of present value the today’s price of) an expected future
payment. Another example: how should be decided be-
tween two mutual exclusive projects A and B, when both
expected value and standard deviation of A’s NPV distri-
bution are greater than those of project B. To make a de-
cision it is necessary to trade off return (expected value)
and risk (standard deviation). But that is what simula-
tion analysis cannot achieve, since neither an investor’s
subjective risk utility function nor a market based risk
valuation is considered. This lack grows when further mo-
ments of distribution should be considered. Risk analysis
is only a tool for the preparation of a decision and not
a decision rule. Richard Brealey and Stewart Myers sum
up that “managers can only be told to stare at the distri-
bution until inspiration dawns. No one can tell them how
to decide or what to do, if inspiration never dawns” [5]
(p. 275). Finally, the question is left unanswered, what
could be the economic relevance of such measures of dis-
tribution? Any parameter of the simulation output (e.g.
higher moments of distribution like skewness or kurtosis)
depends on the quality of input factors which are on their
part only estimations. But what could be the insight of an
output, when its quality depends mainly on the quality of
estimated input data? One must be aware of a pseudo-
exactitude.

4 Conclusion

This comment points out three flaws in a recent article of
Hacura et al. First it was explained how NPV has to be
calculated correctly, second the discount rate to be used
in a simulation approach was discussed and third it was
described that risk analysis is not a tool to make an in-
vestment decision but rather for the preparation in the
preliminary stages of such a decision. Thus, risk analy-
sis can be helpful, since it can support the projection of
cash flow determinants, which can lead to a better un-
derstanding of the project and improve the insights of
project risk. However, net present value should still be
calculated by discounting either expected cash flows with
a risk-adjusted discount rate or certainty equivalents with
the risk-free rate.

The author is grateful to Prof. Dr. K. Bohr, Dr. A. Schüler and
A. Winkler for their helpful comments.
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